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Abstract 

In this paper we prove tliat the P{q, i) {q odd prime power and £ > I odd) commutative 
semifields constructed by Bierbrauer in [T] are isotopic to some commutative presemifields 
constructed by Budaghyan and Helleseth in [2]. Also, we show that they are strongly isotopic 
if and only ii q = l(mod4). Consequently, for each q = —l{mod4:) there exist isotopic 
commutative presemifields of order {£ > 1 odd) defining CCZ-inequivalcnt planar DO 
polynomials. 

1 Introduction 

A finite semifield S is a finite binary algebraic structure satisfying all the axioms for a skewfield 
except (possibly) associativity of multiplication. If S satisfies all axioms for a semifield except 
the existence of an identity element for the multiplication, then we call it a presemifield. The 
additive group of a presemifield is an elementary abelian p-group, for some prime p called the 
characteristic of S. 

The definition of nuclei and center of a semifield can be found, for instance, in [SI Sec. 5.9]. 
A finite semifield is a vector space over its nuclei and its center. Two presemifields, say §i = 
(§!,+,•) and §2 = (§2,+)*) of characteristic p, are said to be isotopic if there exist three 
Fp-linear permutations M, A^, L from Si to §2 such that 

M{x)-kN{y) = L{x»y) 

for all x,y € Si. The triple {M,N,L) is an isotopism between Si and S2. They are strongly 
isotopic if we can choose M = N. From any presemifield, one can naturally construct a semifield 
which is isotopic to it (see |11]). The sizes of the nuclei as well as the size of the center of a 
semifield are invariant under isotopy. The isotopism relation between semifields arises from the 
isomorphism relation between the projective planes coordinatized by them {semifield planes). 
For a recent overview on the theory of finite semifields see Chapter |12] in the collected work 



*This work was supported by the Research Project of MIUR (Italian Office for University and Research) 
"Geometrie su Campi di Galois, piani di traslazione e geometrie di incidenza" . 
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Commutative presemifields in odd characteristic can be equivalently described by planar DO 
polynomials [6]. A Dembowski-Ostrom (DO) polynomial f G ^q[x] {q = p^) is a polynomial of 
the shape f{x) = YTi]=o o-ijx'^'^'^^ > whereas a polynomial / € '^q[x\ is planar or perfect nonlinear 
(PN for short) if, for each a € F*, the mapping x i-^ f{x + a) — f{x) — f{a) is bijective. If 
f{x) € Fq[a;] is a planar DO polynomial, then = (Fg,+,*) is a commutative presemifield 
where x-ky = f{x + y) — f{x) — f{y). Conversely, if S = (Fg, +, *) is a commutative presemifield 
of odd order, then the polynomial f{x) = ^^{x-kx) is a planar DO polynomial and S = §/. 
Two functions F and F' from Fpn to itself are called Carlet-Charpin-Zinoviev equivalent {CCZ- 
equivalent) if for some affine permutation C of F^n the image of the graph of F is the graph of F' , 
that is, C{Gf) = Gp' where Gp = {{x,F{x))\x e F^n} and Gp' = {{x,F'{x))\x G F^n} (see [1]). 
By [21 Sec. 4], two planar DO polynomials are CCZ-equivalent if and only if the corresponding 
presemifields are strongly isotopic. In [5], it has been proven that two presemifields of order p", 
with p prime and n odd integer, are strongly isotopic if and only if they are isotopic. Whereas, 
for n = 6 and p = 3, Zhou in [16], by using MAGMA computations, has shown that the 
presemifields constructed in [13] and [2] are isotopic but not strongly isotopic. In [1], the author 
proved that the two families of commutative presemifields constructed in [2] are contained, up 
to isotopy, into a unique family of presemifields, and we refer to it as the family BT-LB. Also in 
[1], the author generalized the commutative semifields constructed in [13] {CMVTB semifields) 
proving that each CAiVTB semifield is not isotopic to any previously known semifield with the 
possible exception of BT-LB presemifields. 

In this paper we study the isotopy and strong isotopy relations involving the above commutative 
presemifields, proving that the CMVTB semifields are contained, up to isotopy, in the family of 
Bl-LB presemifields. Precisely, we show that an CAiVTB semifield of order q"^^ {q odd and £ > 1 
odd) is isotopic to a BUB presemifield, and that they are strongly isotopic if and if q = l(mo(i4). 
This yields that, for planar DO functions from Fg2i to itself, when q = — l(mo(i4) and i > 1 
odd, the isotopy relation is strictly more general than CCZ~equi valence. 

2 Preliminary results 

If S = (S, +, •) is a presemifield, then S* = (S, +, •*), where x •* y = y • x is a presemifield as 
well, and it is called the dual of S. If § be a presemifield of order p", then we may assume that 
S = (Fpn,+,»), where x»y = F{x,y) = Y17j=o^ij^^'^y^' ^ with Oij G Fpn. The set 

S = {(py : X G Fpn F{x, y) G Fpn | y G Fpn} C V = End{¥p7^,¥p) 

is the spread set associated with S and 

S* = {(^^- : y G Fpn F{x,y) G Fpn | x G Fpn} C V = End{¥pn,¥p) 

is the spread set associated with S*. Both S and S* are subgroups of order p'"" of the additive 
group of V and each nonzero element of S and S* is invertible. 
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For each x € F^n, the conjugate ip of the element (p{x) = PiX^^ of V is defined by ^{x) = 

Er=o/3r"^^""^-The map 

T : if ^ ^ & V 
is an Fp~hnear permutation of V. Straightforward computations show that 

ipoip = ipo'(p (p~^ = ('(p)~^ . (1) 

The algebraic structure S* = (F^n, +, •*), where x y = ^(x), is a presemifield and it is called 
the transpose of S (see e.g. [131 Lemma 2]). The set 5* = {^| y € Fpn} is the spread set 
associated with S*. 

In what follows we want to point out the relationship between spread sets associated with two 
isotopic presemifields. 

Proposition 2.1. Let Si = (Fpn,+,») and §2 = (Fp",+,*) be two presemifields and let Si = 
{ipy : X I-)- X • y| y € Fp^} and S2 = {^'y : x x -k y\ y £ Fpn} be the corresponding spread 
sets. Then Si and S2 are isotopic under the isotopism (M, N, L) if and only if S2 = LSiM~^ = 
{L o ipy o M~^\ y € Fpn}. 

Proof. The necessary condition can be easily proven. Indeed if (M, A^, L) is an isotopism between 
§1 and §2) then L{ipy{x)) = (p'j^^y-^{M{x)) for each x,y & Fpn. Hence, '/'Ar(?/) = L o ipy o for 
each y £ Fpn and the statement follows taking into account that 5*2 = {(^^^^^| y G Fpn}. 
Conversely, let S2 = {L o ipy o M~^\ y G Fpn}, where M and L are two Fp-linear permutations 
of Fpn. It is easy to see that the map N, sending each element y € Fpn to the unique element 
z G Fpn such that Lp'^ = L o (py o (where (p'^ G S2)., is an Fp~linear permutations of Fpn. 

Hence, for each x,y G Fpn we get ^'i^^^-^ix) = L{ipy{M~^{x))), i.e. x-k N{y) = L{M~^{x) • y) 
and putting x' = (x) we have the assertion. □ 

Let S = (Fpn,+,*) be a presemifield, where x-ky = F{x,y) = ^^jio "u^^'^^^ ' with ajj G Fpn, 
and let S and S* be the spread sets associated with S and S*, respectively. 
The middle (respectively, right) nucleus of each semifield isotopic to S is isomorphic to the 
largest field Mmi^) (respectively, Mr{S)) contained in V = End{¥pn,¥p) such that SMm{S) Q S 
(respectively, J\fr{S)S C S), whereas the left nucleus of each semifield isotopic to § is isomorphic 
to the largest field Mi{§) contained in V such that Mi{§)S* C S* (see [HI Thm. 2.1] and pi). 

Also, if ¥g is a subfield of Fpn and F{x, y) is a g'-polynomial with respect to the variable x, i.e. 
S C £^nd(Fpn,Fg), then Fq = {tx ■ x G Fpn Ax G Fpn|A G F^} C 7V/(§) ([H]). 
If {M,N,L) is an isotopism between two presemifields §1 and §25 we have that N'r{S2) = 
Lf^r{Si)L-\ Mm{S2) = MMn,{Si)M-^ and Mi{S2) = LMi{Si)L-^ (see e.g. [9] and [H]). 

From these results we can prove 

^By juxtaposition we will always denote the composition of maps that will be read from right to left. 
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Theorem 2.2. // {M,N,L) is an isotopism between two presemifields Si and §2 of order p"', 
whose associated spread sets Si and S2 are contained in End{¥pn,¥q) (¥q a subfield of¥pn), 
then L and M are ¥g-semilinear maps of¥pn with the same companion automorphism. 

Proof. Since Si, S2 C End{¥pn,¥q), by the previous arguments we have that 

Fg = {tx: X G Fpn ^ Ax € Fpn|A G FJ c AA«(Si) n A/](§2). 

Also 7V/(52) = LMi{Si)L~^ . Then L~^FgL C A/i(S2), and since a field contains a unique subfield 
of given order, it follows L~^FqL = Fq. Since the map tx 1— > L~^t\L is an automorphism of 
the field of maps Fq, there exists i G {0, . . . ,n — 1} such that L~^txL = t^pi for each A G ¥q, 
i.e. L is an Fg-semilinear map of Fpn with companion automorphism cr{x) = Also, by 

Proposition 12. H LSiM~^ = S2, and hence M is an Fq~semilinear map of Fpn as well, with the 
same companion automorphism a. □ 



Finally, since the dual and the transpose operations are invariant under isotopy [TT], it makes 
sense to ask which is the isotopism involving the duals and the transposes of two isotopic 
presemifields. We have the following result. 

Proposition 2.3. Let §1 and §2 be two presemifields. Then 

i) (M, A^, L) is an isotopism between Si and S2 if and only if (N, M, L) is an isotopism 
between the dual presemifields S* and S2; 

ii) {M,N,L) is an isotopism between Si and S2 if and only if {L ^ , N, M~^) is an isotopism 
between the transpose presemifields S\ and S2; 

Hi) {M,N,L) is an isotopism between Si and S2 if and only {N,L ^) is an isotopism 

between S** and §f . 

Proof. Statement i) easily follows from the definition of the dual operation, whereas Hi) follows 
from i) and ii). 

Let us prove ii). Let Si = (Fpn, +, •) and S2 = (Fpn, +,★) and let 5*1 = {ify \ y G Fpn} and ^2 = 
{(Py\ y G Fpn} be the corresponding spread sets. By the previous arguments the corresponding 
transpose presemifields are S\ = (Fpn,+,»*) and S2 = (Fpn, where x •* y = ^(x) and 
x-k^ y = ipy{x), respectively. The triple {M,N,L) is an isotopism between Si and S2 if and only 
\i L o (fy = V''N{y) ° ^ each y G Fpn. By 1^ o L = M o f'j^f^y^ for each y G Fpn and hence 

L(x) y = M{x*^ N{y)) 

for each x, 1/ G Fpn. By ([1]), this is equivalent to M~^{z»^ y) = (z) -k^ N (y) for each y G Fpn. 
The assertion follows. □ 
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Finally, by in) of Proposition [23] and by Proposition [27T] we immediately get the following result. 

Corollary 2.4. Let Si = (Fpn,+,«) and §2 = {^p",+,*) be two presemifields and let S"** and 
S2* be the spread sets associated with the presemifields S^* and §2*? respectively. Then Si and 
§2 <ire strongly isotopic if and only if there exists an Yp-linear permutation H of¥pn such that 
5** = HSl*H. 

3 BV-B and jCA4VTB commutative presemifields 

The BJiB presemifields and the CAiVTB semifields presented in [T] can be described as follows. 

BUB) B{p,7n, s, (3) presemifields [2], [I]: (IFp2m,+,*), p odd prime and m > 1, with 

xi.y = xyP^ + x^'^y + [l3{xyP' + x^' y) + P'p^ {xy^^ + xP'y)P^]u:, (2) 

where < s < 2m, uj is an element of Fp2m \ F^m with uj^"^ = —uj and the following conditions 
are satisfied: 

/3 G F;^^ : /3(p"'+i.p»+i) ^1 and ^ a e F;^™ : a + a^" = a + a^' = 0. (3) 

CMVTB) P{qJ) semifields^, [I]: (Fg2«,+,*), g odd prime power and £ = 2/c + 1 > 1 odd, 
with 

1 £ ^ 1 2 2 

X * y = -(xy + ) + -G{xy'i + x*? y), 

where G[x) = Eti(-1)'(^ " a^'"')"'' + T.%l{-^)^^Kx " x^')'?''^'. 

In order to prove our results, we start by further investigating Multiplication ([2]) and Conditions 
([3]). Set h := gcd(m, s), then m = M and s = hd, where i and d are two positive integers such 
that < d < 2i and gcd{£, d) = 1. Putting q = p", then a; G Fq2£ \ F^^ such that w'' = — w and 
the BTiB presemifields B{p,m, s, /3) = {¥^21,+,*) will be denoted by B{q,£,d, /3). Moreover, 
Multiplication ([2]) and Conditions ^ can be rewritten as 

xi^y = xy^* + x'^'y + [/3(xy'''' + x^'^y) + /3^' (xy'^'' + x'^''y)'^']oj, 

where 

/3 G F*2, : /3(?T^^^ ^ 1, (4) 

and 

^ a G F*2, : a + a'^' = a + a'^" = 0. (5) 
We get the following preliminary result. 
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Lemma 3.1. i) Condition ^ is fulfilled if and only if i + d is odd. 

ii) If Condition ^ is fulfilled, then an element f3 E F*2£ satisfies Condition ^ if and only if 
(3 is a nonsquare of ¥^21. 

Proof, i) The sufRcient condition can be easily proven. Indeed, since gcd(£, d) = 1 then I and 
d cannot be both even integers. Moreover, if (. and d were both odd, then each element a € Fq2 

such that = —a would be a solution of x*^ = x'? = — x, contradicting our assumption. On the 
other hand, suppose that 1 + d\s odd, then gcd(2£, i + d) = gcd(£, d) = 1. Hence, if there exists 
an element a € F*2£ such that a'^ + a = a'^ +a = 0, then a satisfies the equation x*^ ~^ = 1, 
which admits gcd{q^^ - 1, - 1) = gg=d(2£/+d) _ ^ ^ ^ _ ^ solutions. It follows that a G F*, a 
contradiction. 

ii) We first suppose I is odd and d is even and prove that gcd(q^+l, q'^+V) = 2. If g = 1 {mod A), 
then + 1 = q'^ + l = 2 [mod 4). On the other hand, if g = 3 (mod 4), since I is odd and d is even, 
q^ + 1 = [mod 4) and q'^ + l = 2 (mod 4). So in both cases 2 is the maximum power of 2 dividing 
gcd(g^ + 1, g'^ + 1). Now suppose that p' is an odd prime such that p'\{q^ + 1) and p'\{q'^ + 1). 
Hence q^ = —1 (mod p') and g'^ = — 1 (mod p'). Since gcd(£, d) = 1, then 1 = a£ + 6d, with a an 
odd integer. From the previous congruences it follows that q = q°-^~^^'^ = {—\Y[ — \)^ (mod p') = 
(— l)^"*"^ (mod p') and since d is even, we have q'^ = 1 [mod p'), a contradiction. 
If £ is even and d is odd, arguing as in the previous case we obtain the assertion. □ 

Remark 3.2. By Lemma |3. 11 the algebraic structure B(^q,£,d, is a presemifield if and only 
ii i + d is odd and /3 is a nonsquare in ¥g2e . 

In [1], the author proved that the semifields P{q,i) are not isotopic to any previously known 
commutative semifield with the possible exception of BUB presemifields. In what follows, using 
the notation introduced in this section, we study the isotopy relation involving the families of 
presemifields P{q,i) and B{q,l,d, /3) and we prove that a P{q,£) semifield of order q"^^, with 
q = p^ an odd prime power and ^ > 1 an odd integer, is isotopic to a B{q,i,2, (3) presemifield 
for a suitable choice of (3. 

4 The isotopism issue 

By [To], there is a canonical bijection between commutative and symplectic presemifields. Pre- 
cisely, if S is a commutative presemifield, then S** is a symplectic presemifield. Moreover, by Hi) 
of Proposition 12.31 two commutative presemifields are isotopic if and only if the corresponding 
symplectic presemifields are isotopic as well. So, in the next, we will prove that the symplectic 
presemifield P(g,£)** is isotopic to a symplectic presemifield B{q,i,2, P)^* . 
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The symplectic version of P{q,i) semifields 

From m Sec. 3], the symplectic presemifield arising from the commutative semifield P{q,i), q 
an odd prime power and £ = 2A; + 1 an odd integer, is P{q, iY* = {¥^21, +, •) with multipUcation 
given by 

y + y'^ 1 , ,c 2 1 f 

x»y = — - — X + -{y-y' +ay + (5y + jy)x'^ + j[y - - ay- Py- -fy)x'^ 

where a, = Etl(-1)^+^''", ^ = T.^i-lf^^^'y'^''^' and 7, = Et=Ui(-l)'^+*y'^""^ 
Setting g{y) := ay + j3y + jy and 



direct computations show that 



fiy) ■■=\{y-y'' +9iy)), 



fiyf = \iy-y''-9iy)). (6) 



Indeed, reducing modulo y"^ — y, we have 

i=l j=0 t=k+l 

and setting i' = i — 1, j' = j — 1, t' = t — 1, we get 

i'=l j'=0 i'=fc+l 

= y-y"' -{ay + /3y + jy). 

Hence 

x»y = — - — x + f{y)x'^ + f{yy x'^ . (7) 
Let r] G F^2 \ ¥q such that r]"^ = -tj. Since g and £ = 2fc + 1 are odd integers, the map 



„2 



: 7 € I— )• 7 + 7'' G F^j? is invertible and 



Taking into account that {1, ?]} is an F^f-basis of Fg2£ and that (j) is an invertible map, it follows 
that any element y £ ¥^21 can be uniquely written as 

y = A + + B)ri, 
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with A,B e ¥^e . Also 



and 



A='Af- (8) 



2r] 

Direct computations show that 



^ \ i=l i=l j=0 j=0 

Putting 2t + 1 := I + 2i, i.e. i = t — k, we have 

i=l t=k+l t=k+l 

and putting 2v := £ + 2j + 1, i.e. j = v — k — 1, we have 



Hence, substituting the last two equalities in Equation we get 

' \ i=l j=0 t=k+l J ' 

and, taking ([6]) into account, this yields f{y) = B'^^rj. Hence, from ([7]), ^ and the last equality, 
we get the following result. 

Proposition 4.1. The symplectic presemifield P{q,tf * = (Fq2£,+,») arising from the commu- 
tative semifield P{q, £) has multiplication 

2 2 o^^"^ 

X • y = Ax + r/x^ + Brjx^ , 
where rj is a given element o/Fg2 \ Fg with r]^ = —r] andy = A+{B'i +B)r], A,B G¥gc. □ 



The symplectic version of ^, d, /3) presemifields 

Let q be an odd prime power, i and d be integers such that < d < 2i, i + d is odd and 
gcd{i,d) = 1. Then a commutative £, d, /3)-presemifield is of type (Fg2£,+,*), where 

x ★ y = xy'^'^ + x^^y + [l3{xy'''' + x'^'^y) + /3''* (xy^'' + 3;^''y)''*]a;, 

with /3 a nonsquare in Fg2£ and w'^'^ = — w (see Remark I3.2p . By using |13^ Lemmas 1, 2], the 
transpose semifield B'^{q,£,d, 13) = (Fq2«,+,**) of B{q,i,d, (3) is defined by 

X y = (x + x-?')/ + I3i''-'u;'i''-\x'i''~' - x'?'"')/'"' + /3l^(x - x'?')y'''. 
Hence = (F 2£, +,***), where 



-1 f f 2f — f! — d 2f — fl f — r! — f H 



Since {1,^^;} is an F^^-basis of Fg2£, putting y = A + Buj, with A,B& Y^i and recalling that 
u}'^^ = — oj, and hence oj^ = o" € F*^, we get 



Proposition 4.2. T/ie symplectic presemifield B{q,£,d, (3) = {¥^21,+,*') arising from the 
commutative semifield B{q,£,d, (3) has multiplication 

I . r,l r.'it-d ^„2l~d ^„2l-d „2l-d „ „ „d , . 

X i.' y = 2Ax'i + 2a'i (3" B'^ x*? +2aPBx\ (10) 



where 13 is a nonsquare in ¥^21 and y = A + Blo with A,B F^f, a is a nonsquare in ¥^1 and 
uj^ = a. □ 

Remark 4.3. Note that if a and a' are two nonsquare elements of F^£ , then a' = ta, where t 
is a nonzero square in F^^. So, replacing (3 by t/3 in (jlOp . we may substitute a with a' . It follows 
that, when £ is odd, in order to study, up to isotopy, the BTiB presemifields we may suppose 
wig that o" is a nonsquare in ¥q and hence ui G Fg2 \ ¥q. 

The isotopism theorem 

Let start by proving the following 

Theorem 4.4. Let q be an odd prime power, let i and d he odd and even integers, respectively, 
such thatO < d < 2£ and gcd{£,d) = 1. The symplectic presemifield B{q, i, d, I3Y* = {¥^21, +,*'), 
whose multiplication is given in flOj) . is isotopic to a presemifield {¥^21,+,*") whose multiplica- 
tion is given by 

II ( . „ 13 „<i „r,2i-<i „2e-d\ 

xi^"y = 2\Ax + aBuj—jx'i+aB'i uj—^x^ 

where y = A + Buj with A,Bg ¥^1, uj € Fg2 \ ¥q with uP' = a ^ F*, and ^ is an element of¥q2i 
such that ^I'+^-i = and C'^'+i = a. 
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Proof. By Proposition 14.21 and Remark 14.31 the spread set associated with the symplectic pre- 
semifield B{q,e,d,pY* = (F^2^,+,*') is 

S = {ipy = tpA,B ■■ X ^ 2Ax''' + 2c7/3«''"'5«''"'x^''"' + la/SBx'^" \ y = A + Bto, A, B £ ¥gi}, 
where /3 and a are nonsquares in F^2£ and Fg, respectively. 

Since gcd{q'^^ — l,q^^'^ — 1) = g — 1 and (/3"'^~^ ) ^-i = 1 , the fohowing equation 



X 



(11) 



admits q—1 distinct solutions in ¥^21. Moreover, if ^ and ^ satisfy pT]) . then ^/^ G F*. Also, if ^ is 
a solution of (jlip . then ^'?*+^ is a solution of x"^*^*^"^ = 1 and since gcd(g'^^ — 1, q^^'^ — 1) = q—1, we 
get ^9*+^ E F*. Moreover, taking into account that /3 is a nonsquare in ¥^21, it follows that is 

a nonsquare in Fg. Indeed if (^'''+^)^ = 1, then (^)^ = (^"'^""i)^ = (e'?'+i)^-2^ = 1, 

a contradiction. Hence the set {^"^ "'"^ | ^ is a solution of (jlip } C F^ is the set of nonsquares in 
¥q. This means that we can choose ^ G Fg2f, satisfying (llip and such that 



^•j'+i = a = (12) 



Now, consider the invertible maps of F^ 



g2e 

w : X ^ —X + x^ and o : x ^ x jx^ 

and note that ^ 

: X ^ —{—^x + x'^ ) and {(j){xY ) = x. 

Since if) and (f) are linear maps over F^^, for each x € ¥^^21 we have 

V'"' ° V^A.B o </.(x) = 2{il:~\A{<p{x)y' + fT/3'?''"'s«''"'(0(x))5''"' + a(3B{<p{x)Y')) 

= 2{Ax + aB''''-'i;~\f{x))+aB^l^~\g{x))), (13) 

where f{x) = {P(t>{x))i^'"' and g(x) = P{(t>ix))i' . 

Then, taking into account that uj'' = —u, direct computations show that 
with /i = + f3i'-' and /a = |,/^^''"' + ^/3'?'"'. 

By ([TT]) . we get (3'^' = j^rj and elevating to the q'^^~'^-tli power we have (3'^' = (3'^^^ ''^i^ii' ''-i) ^ 
From m it follows 13"'-' = f3i''-\f)i'i'-'-^) = [p^''-' = ji'i''-' -J^- hence h = 0- 
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Also, /2 = w(^2i^ + ^-j^) and by ([U]) we have /2 = 2uj^-^. Hence, ^/^"^(/(x)) = 

2i — d 

^^—^ — iC^^^ and using similar arguments we have ilj~^{g{x)) = uj-^x'^'^ . Then, by (fT3 
we get 

21 — d 

, 1 , , N . „ „d „.2l-d B'^ „2l-d 

1^ o^ABO 4>(x) = 2Ax + 2aBuj—jx'i + laB'i uj ^ , x'^ 



Hence, 



I.e. 



■ip ^ oipyo (j){x) = X -k" y, 



{x)^' y = i^{x^" y). (14) 



This means that (0, id, ip) is an isotopism between the two presemifields. The theorem is proven. 

□ 

Theorem 4.5. Each CMVTB semifield is isotopic to a BT-LB presemifield. 

Proof. By Proposition 14.11 the symplectic presemifield P{q,iY* = (Fg2f,+,»), q odd and £ > 1 
odd, arising from the commutative semifield P{q, £) has multiplication 

X • y = Ax + rjx^ + Brjx^ , 

2 

where ry^ = — r/ and y = A + {B^ + 5)17 with A,B£ W^e. 

Put (i = 2 in Theorem 14.41 and choose /3 = /3 as a nonsquare in ¥^21 belonging to ¥^2 such 
that 0'^+'^ = i. Then 0'^ is a solution of Equation ^ and since ^5'''+^ = ^9+^ = i, we 
can fix ^ = By Theorem 14.41 the symplectic presemifield B{q, i,2, fSY* is isotopic to the 

presemifield (F 2^,+,*") whose multiplication is given by 



2^-2 „2e-2 



xi," y = 2Ax + 2Bujx'i + ujx'^ 

where oj'^ = —uj and y = A + Blo with A,B^ ¥^1. Let w = ai] and note that a G F*. 

Let h : y = A+Buj € Fg2« 2A+2{B'^ +B)uj € Fg2f. Since q and ^ are odd, h is an invertible 

2^ — 2 2 '11 — '1 

Fq-linear map of ¥^21. Also, since = h{A + Bo;) = 2A + 2((aS'? + (a5« ))r/ we 

have 

X • = x-k" y 
for each x,y G F^e, hence by (fH|) we get 

for each G F^^. Then {(f),h~^ ,ip) is an isotopism between P{q,£Y* and 2, The 

theorem is proven. □ 

By Theorems 14. 4^ ITS) and by Hi) of Proposition 12.31 we can state the following result. 
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Corollary 4.6. The triple {ijj ^ ,<j), h) is an isotopism between the commutative semifield P{q,i) 
and the presemifield B(q,i,2,/3), where (3 is a nonsquare in Fq2. 

Remark 4.7. Note that, since -0"^ ^ (p, the above isotopism is not a strong isotopism. 

5 Strong Isotopism 

In this section we will prove that the isotopic presemifields P{q,i) and B{q, i,2, (3) of Corollary 
14.61 are strongly isotopic if and only if q = l(mod4). Let us start by proving the following. 

Theorem 5.1. If q = l(mo(i4), then the commutative presemifields P{q,£) and B{q,i,2, (3) of 
Corollary \4-6\ are strongly istopic. 

Proof. By Corollary 12.41 the two involved presemifields are strongly isotopic if and only if there 
exists an invertible Fp-linear map H of Fg2£, such that HSiH = S2, where Si and S2 are the 
spread sets associated with P{q,£Y* and B{q, £,2, fSY* , respectively. By the proof of Theorem 
14.51 and by Proposition 12. !( we have that ipSi4'~^ = ^2, where 

— i 1 1 — £ 

ip : X 1-^ LO^x + x'^ and 0" : x 1-^ -{x + top'^x'^ ), 

with the choices of /3 and ^ as in Theorem 14.51 Recall that ujf3 € Fq2 \ Fg, (3 is a nonsquare in 
Fg2£, a;2 = G Fg and ^9+1 = i. 

Let p = 2uj(3 and note that (l)~^{px) = ip{x), i.e. otp = 'ip, where tp{x) = px. 
Since q = l(mod4) and uj'i~^ = —1, we have that a; is a nonsquare in Fg2, and hence p = 2ojj3 
is a square in Fq2. Let b € Fg2 such that b^ = p and let H{x) = (j)~^{bx), i.e. H = (f>~^ o tb is an 
invertible Fp-linear map of ¥q2e. Then, by ([1]), we get 

HSjI={4>~'otb)Si{tbO(j)~^). 

Since the elements of 5*1 are Fg2 -linear maps of ¥^^21 and b S Fg2 we have 

HSiH = {4)-^o ti,2)Si4>-^ = {4>~^ o tp)Si(t)-^ = i^Si4>-^ = S2. 

This proves the theorem. □ 
Finally, we can prove 

Theorem 5.2. If q = —l{modA), then the commutative presemifields P{q,i) and B{q,i,2, 13) 
of Corollary \4-6\ are not strongly istopic. 

Proof. By way of contradiction, suppose that the two involved presemifields are strongly isotopic. 
Then by Corollary [231 there exists an invertible Fp-linear map H of ¥^21, q = p^, such that 
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21, 



HSiH = S2, where Si and 5*2 are the spread sets associated with S^* and §2*; respectively. In 
particular 

Si = Wa,b ■■ x^Ax + B" + Br]x'i \y = A + {B'i + B)ri, y G ¥^21}. 
By Theorem 14.51 ipSicj)'^ = S2, hence H SiH cj) = 5*1, where 

: X i-> ^(w/S'^x + x'^'^) (j) : X x - uj/3'^x'^'^ 
and = ^LoP'^ 4>. It follows that 

5GSiG = Si, (15) 

where (5 = i^^j^B'^ € Fg2 and G = 4>H. Since the elements of Si are Fg2-linear maps of ¥^21, by 
Theorem 12.21 and Proposition 12.11 we have that G is an invertible Fg2-semilinear map of F^: 
with companion automorphism a = p'^. 
Let 

t-i e-i 

i=0 i=0 

then 

G{x) ^ '-^^p— ^ g^j^-.---^.-.---. 

i=0 i=0 

By (fTCj) . the map o y?^ g o G) belongs to 5i for each A € F^^. Then there exist A\B' G F^^ 

such that 5{G{A{G{x)))) = ^a',b'{x) for each x € ¥^21. 

Since 

^(^(^(^(x)))) = ^ ( E E ^'^^'^a.af ''"^^'x^^'^^'^^') = ^'x + B'^\x'^' + B'r^x^''-\ 

j=Q i=0 

21 

reducing the above polynomial identity modulo x"? — x and by comparing the coefficients of 
first degree, we get 

„2 .„rfli~-i 



6{A''al + A"'} al + ■■■ + A"" a^i) = A' G F„, 



for each ^4 € ¥^1, i.e. 



A'^C^a^ - ^-Jaf ) + A'^'i {5al - d'^a'/) + ■■■ + A'^'^ {5aj_i - d'^a^ti) = 
for each A € F^^. This is equivalent to 

{^'^al + ^af)x + i^'^ai + ^af)x'^' + ... (^^a^i + ^a^'i'jx"''"' = 
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for each x € F^^. Reducing the above polynomial identity over F^e modulo x'^ — x, we get 

^"a? + i3a^/ = 
for each i G {0, 1, 1}. If Oj 7^ 0, then is a solution of 



However, when q = — l(mo(i4), the last equation admits no solution in ¥^21. Hence the unique 
Fq2-semilinear map satisfying (|15p is the zero one, a contradiction. □ 
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